l Introduction. The mean value theorem of Gauss, and its converse, due to Koebe, have long been known to characterize harmonic functions. Since any second order homogeneous elliptic operator L can, by an appropriate linear change of variables, be reduced (at a given point) to the Laplacian, it seems reasonable to expect that solutions of Lu = 0 should, when averaged over appropriate small ellipsoids, satisfy an approximate Gauss-type theorem, and one could hope that such a mean value property would characterize the solutions of the equation.
It turns out that this is the case. In fact the operator need not be elliptic, but may be parabolic, or of mixed elliptic and parabolic type. While the methods used here do not permit the weak smoothness conditions on the solutions admitted by Koebe's theorem, the result is stronger than might be expected in that no smoothness, not even measurability, is required of the coefficients of L: they need only be defined.
Since the result applies to parabolic equations, it seems of interest to examine the heat equation, for it can be cast in the required form. This leads to a characterization of its solutions in terms of averages over parabolic arcs.
The basic theorem.
In the following A = 9/%», A; = θ 2 lθyβy j9 u tij = D i3 u, and V y is the gradient operator with respect to the components of y.
It is convenient to consider equations of the form Lu = /, where / need only be defined, and may depend on u and any of its derivatives. 
The sum of the coefficients of the squared terms is then 
2Ω,
where C n is a constant depending only on n. Thus (5) becomes, by the lemma, To study the heat equation in higher dimensions one can make similar transformations. But it is easier to guess the form the previous theorem would take and verify it directly by the methods which established our basic theorem. The result is given below where Δu is the ^-dimensional Laplacian, and Ω is the area of the unit sphere in n + 1 dimensions.
THEOREM. // u is twice differentiable at a point (x 0 , t 0 ) in n + 1 dimensions, then a necessary and sufficient condition that Δu -u 
